We determine the 2-adic K-localizations for a large class of H-spaces and related spaces. As in the odd primary case, these localizations are expressed as fibers of maps between specified infinite loop spaces, allowing us to approach the 2-primary v 1 -periodic homotopy groups of our spaces. The present v 1 -periodic results have been applied very successfully to simply-connected compact Lie groups by Davis, using knowledge of the complex, real, and quaternionic representations of the groups. We also functorially determine the united 2-adic K-cohomology algebras (including the 2-adic KO-cohomology algebras) for all simply-connected compact Lie groups in terms of their representation theories, and we show the existence of spaces realizing a wide class of united 2-adic K-cohomology algebras with specified operations.
Introduction
In [20] , Mahowald and Thompson determined the p-adic K-localizations of the odd spheres at an arbitrary prime p, expressing these localizations as homotopy fibers of maps between specified infinite loop spaces. Then, working at an odd prime p in [8] , we generalized this result to give the p-adic K-localizations for a large class of H-spaces and related spaces. In the present paper, we obtain similar results for 2-adic K-localizations of such spaces, using our preparatory work in [10] and [11] . By a 2-adic K-localization, we mean a K/2 * -localization (see [2] , [3] ), which is the same as a K * (−;Ẑ 2 )-localization, since the K/2 * -equivalences of spaces or spectra are the same as the K * (−;Ẑ 2 )-equivalences. Our localization results in this paper will apply to many (but not all) simply-connected finite H-spaces and to related spaces such as the spheres S 4k−1 for k 1. We show that these results allow computations of the v 1 -periodic homotopy groups (see [13] , [15] ) of our spaces from their united 2-adic K-cohomologies, and thus allow computations of the v 1 -periodic homotopy groups for a large class of simply-connected compact Lie groups from their complex, real, and quaternionic representation theories. The present results will be extended in a which combines the specified cohomologies with the additive operations among them (see Definition 6.1). In fact, for most simply-connected finite H-spaces X, we expect to have an isomorphism K * CR (X;Ẑ 2 ) ∼ =L(M ) where M = {M C , M R , M H } is the submodule of primitives in K −1 ∆ (X;Ẑ 2 ) and whereL is a functor that we introduce in Lemma 4.5, extending the 2-adic exterior algebra functor on complex components. For a simply-connected compact Lie group G, the required 2-adic Adams ∆-module may be obtained as the indecomposablesQR ∆ G = {QRG,QR R G,QR H G} of the complex, real, and quaternionic representation ring R ∆ G = {RG, R R G, R H G} (see Definition 10.1), and we have: Theorem 1.1. For a simply-connected compact Lie group G, there is a natural isomorphism K other simply-connected finite H-spaces and related spaces; in fact, there must exist a great diversity of spaces with the required united 2-adic K-cohomology algebras by: Theorem 1.3. For each strong 2-adic Adams ∆-module M , there exists a simplyconnected space X with K apply. From the perspective of [10] , the present work verifies important examples of KΦ 1 -good spaces beyond the odd spheres.
Throughout the paper, spaces and spectra will belong to the usual pointed simplicial or CW homotopy categories. To provide a suitably precise setting for our main theorems and proofs, we must devote considerable attention to developing the algebraic infrastructure of united 2-adic K-cohomology theory. The paper is divided into the following sections: 
Proof of the realizability theorem forLM
Although we have long been interested in the K-localizations and v 1 -periodic homotopy groups of spaces, we were prompted to develop the present results by Martin Bendersky and Don Davis. We thank them for their questions and comments.
The united 2-adic K-cohomologies of spectra and spaces
We now consider the united 2-adic K-cohomologies K * CR (X;Ẑ 2 ) = {K * (X;Ẑ 2 ), KO * (X;Ẑ 2 )} of spectra and spaces X, focusing on their basic structures as 2-adic CR-modules or CR-algebras. We first recall: For z ∈ M * C and x ∈ M * R , the elements tz ∈ M * C and rB 2 cx ∈ M * R are sometimes written as z * (or ψ −1 z) and ξx. For a spectrum or space X, the united 2-adic K-cohomology K * CR (X;Ẑ 2 ) = {K * (X;Ẑ 2 ), KO * (X;Ẑ 2 )} has a natural 2-adic CR-module structure with the usual periodicities B : K * (X;Ẑ 2 ) ∼ = K * −2 (X;Ẑ 2 ), and B R : KO * (X;Ẑ 2 ) ∼ = KO * −8 (X;Ẑ 2 ), conjugation t : K * (X;Ẑ 2 ) ∼ = K * (X;Ẑ 2 ), Hopf operation η : KO * (X;Ẑ 2 ) → KO * −1 (X;Ẑ 2 ), complexification c : KO * (X;Ẑ 2 ) → K * (X;Ẑ 2 ), and realification r : K * (X;Ẑ 2 ) → KO * (X;Ẑ 2 ). is exact, and we note that the 2-adic CR-module K * CR (X;Ẑ 2 ) is always Bott exact for a spectrum or space X. To compare CR-modules, we shall often use:
Lemma 2.3. For Bott exact 2-adic CR-modules M and N , a map f : M → N is an isomorphism if and only if f : M C → N C is an isomorphism.
Proof. For the "if" part, we treat the Bott sequences of M and N as exact couples, and we note that f induces an isomorphism of the associated spectral sequences since f : M C ∼ = N C . Using the map of second derived couples with f :
C , we easily see that f : η 2 M R ∼ = η 2 N R ; then using the map of first derived couples with
C , we easily see that f : ηM R ∼ = ηN R ; and finally using the original map of exact couples, we easily see that f :
Definition 2.4 (The free 2-adic CR-modules). For each integer n and L
n L having the universal property that, for each 2-adic CR-module M and y ∈ M n L , there is a unique map f :
are given more explicitly by
We note that F C (g, n) and F R (g, n) are Bott exact for all n. In general, a free Proof. The canonical map to M from the specified 2-adic CR-module is an isomorphism by Lemma 2.3.
To describe the multiplicative structure of K * CR (X;Ẑ 2 ) for a space X, we introduce: Equivalently, a 2-adic CR-algebra A consists of a 2-adic CR-module with a commutative associative multiplication A⊗ CR A → A with identity e → A for e = F R (1, 0) ∼ = K * CR (pt;Ẑ 2 ), where⊗ CR is the (symmetric monoidal) complete tensor product for 2-adic CR-modules [11, 2.6] . Definition 2.7 (Augmentations and nilpotency). For a 2-adic CR-algebra A, an augmentation is a map A → e of 2-adic CR-algebras which is left inverse to the identity e → A. When A is augmented, we letÃ = {Ã C ,Ã R } denote the augmentation ideal, and for m 1 we letÃ(m) denote the m-th power ofÃ given by the image of the m-fold productÃ⊗ CR · · ·⊗ CRÃ →Ã. Thus,Ã(m) C is the image of the m-fold productÃ
The 2-adic φCR-algebras
To capture some additional features of the 2-adic CR-algebras K * CR (X;Ẑ 2 ) for spaces X, we now introduce the 2-adic φCR-algebras. These structures are often surprisingly rigid and will allow us to construct convenient bases for K * CR (X;Ẑ 2 ) in some important general cases, for instance, when X is a simply-connected compact Lie group. 
For convenience, we extend the operation φ periodically to give φ :
i w for all i and elements w. For a space X, the cohomology K * CR (X;Ẑ 2 ) has a natural 2-adic φCR-algebra structure with φ : K * (X;Ẑ 2 ) → KO 0 (X;Ẑ 2 ) as in [11, Section 3] . In particular, e ∼ = K * CR (pt;Ẑ 2 ) is a 2-adic φCR-algebra with φ(k1) = k 2 1 for k ∈Ẑ 2 . For a 2-adic φCR-algebra A, an augmentation is a map A → e of 2-adic φCR-algebras which is left inverse to the identity, and we retain the other notation and terminology of Definition 2.7. Thus, for a space X, the φCR-algebra K * CR (X;Ẑ 2 ) has a canonical augmentation and is pro-nilpotent whenever X is connected. To capture some other needed features, we introduce: Definition 3.2 (The special 2-adic φCR-algebras). A 2-adic φCR-algebra A is called special when:
(i) A is augmented and pro-nilpotent;
For a connected space X, the cohomology K * CR (X;Ẑ 2 ) is a special 2-adic φCR-algebra by [11, Section 3] . Definition 3.3 (Simple systems of generators). Let A be a special 2-adic φCR-algebra. By a simple system of generators of odd degree for A, we mean finite ordered sets of odd-degree elements {x i } i inÃ R and {z j } j inÃ C such that A C is an exterior algebra overK
Such a simple system determines associated products Proof. This follows by Lemma 2.5.
When the cohomology K * CR (X;Ẑ 2 ) of a connected space X has a simple system of generators of odd degree, this result will determine the 2-adic CR-algebra structure of the cohomology, provided that we can compute the squares of the real simple generators of degree ≡ −1, −5 mod 8, since the squares of the other simple generators and of their φ's must vanish. For a simply-connected compact Lie group G, we shall see that the cohomology K * CR (G;Ẑ 2 ) must always have a simple system of generators of odd degree by Theorem 10.3 below.
The universal 2-adic φCR-algebra functorL
We must now go beyond simple systems of generators and develop functorial descriptions of cohomologies K * CR (X;Ẑ 2 ) using universal special 2-adic φCR-algebras. Our results will apply, for instance, when X is a suitable infinite loop space (Theorem 6.7) or a simply-connected compact Lie group (Theorem 10.3). We start by introducing the algebraic modules that will generate our universal algebras. 
satisfying the relations
as in [10, 4.5] . For z ∈ N C , the element tz is sometimes written as z * or ψ −1 z. For a 2-adic CR-module N and integer n, we obtain a 2-adic ∆-module ∆ n N = {N . In particular, we obtain a 2-adic ∆-module
We say that a 2-adic ∆-module N is torsion-free when N C , N R , and N H are torsionfree, and we say that N is exact when the sequence
is exact (see [10, 4.5] ). It is straightforward to show: 
The 2-adic ∆-module
of a space X has additional operations θ which we now include in:
we mean a 2-adic ∆-module with continuous additive operations θ :
In general, θrz may differ from rθz, and we letφ : M C → M R be the difference operation withφz = θrz − rθz for z ∈ M C . Using the above relations, we easily deduce:φ
For a space X, the cohomology K −1 ∆ (X;Ẑ 2 ) has a natural 2-adic θ∆-module structure by [11, Section 3] with the operations
Moreover, this structure interacts with the 2-adic φCR-algebra structure of K * CR (X; Z 2 ) in several ways. 
We shall take account of these relations in our universal algebras. For a 2-adic θ∆-module M and a special 2-adic φCR-algebra A, an admissible map α : M → A consists of a 2-adic ∆-module map α : M → ∆ −1Ã such that:
for each y ∈ M H . We say that a special 2-adic φCR-algebra A with an admissible map α : M → A is universal if, for each special 2-adic φCR-algebra B with admissible map g : M → B, there exists a unique φCR-algebra mapḡ : A → B such thatḡα = g. This will be proved later in Section 11. By universality,LM is unique up to isomorphism and is natural in M , so that we have a functorL from the category of 2-adic θ∆-modules to the category of special 2-adic φCR-algebras. We believe that the φCR-algebraLM can be given canonical operations θ satisfying all the formulae of [11, Section 3] and that this provides a strengthened version ofL that is right adjoint to ∆ −1 (). However, for simplicity, we rely on the present basic functorL. We can describe the algebra (LM ) C explicitly using the 2-adic exterior algebraΛM C withΛM C = lim βΛ M Cβ where M Cβ ranges over the finite 2-adic quotients of M C (ignoring θ). This will be proved later in Section 11. We must impose extra conditions on M to ensure thatLM is Bott exact and hence topologically relevant.
Definition 4.7 (The robust 2-adic θ∆-modules).
We say that a 2-adic θ∆-module M is profinite when it is the inverse limit of an inverse system of finite 2-adic θ∆-modules, and we let M/φ denote the 2-adic ∆-module
∆ (X;Ẑ 2 ) for a space X, the profiniteness condition will usually hold automatically since K −1
i for the system of finite subcomplexes X α ⊂ X and i 1. The following key lemma will be proved later in Section 12.
Lemma 4.8. If M is a robust 2-adic θ∆-module, then the special 2-adic φCR-algebraLM is Bott exact; in fact,LM is the inverse limit of an inverse system of finitely generated free 2-adic CR-modules.
This leads to a crucial comparison theorem. Theorem 4.9. For a connected space X and a robust 2-adic θ∆-module M , suppose that g :
Proof. Since g gives an admissible map M → K * CR (X;Ẑ 2 ) by Lemma 4.4, the result follows by Lemmas 2.3, 4.6, and 4.8.
When M is finitely generated in this theorem, we may easily choose a simple system of odd-degree generators (see Definition 3.3) for K * CR (X;Ẑ 2 ) from M C , M R , and M H . However, the present description of K * CR (X;Ẑ 2 ) asLM is more natural and includes the full multiplicative structure. To check whether such a description is possible for a given space X, we may use:
. For a connected space X, we may take the indecomposablesQK * CR (X;Ẑ 2 ) as in Definition 2.7 with the operations θ of Definition 4.3 to produce a 2-adic θ∆-modulê
. Now by Lemma 4.11 below, whenever Theorem 4.9 applies to X, there is a canonical isomorphism
When X is an H-space, we may often obtain the required splitting by mappingQK ∆ (X;Ẑ 2 ) will automatically be robust by Proposition 3.4 whenever K * CR (X;Ẑ 2 ) has a simple system of odd-degree generators with no real generators of degree ≡ 1, −3 mod 8. We have used:
This will be proved later in Section 11.
Stable 2-adic Adams operations and K/2 * -local spectra
We now bring stable Adams operations into our united 2-adic K-cohomology theory and use this theory to classify the needed K/2 * -local spectra. We first recall some terminology from [8, 2.6 ].
Definition 5.1 (The stable 2-adic Adams modules). By a finite stable 2-adic Adams module A, we mean a finite abelian 2-group with automorphisms ψ k : A ∼ = A for the odd k ∈ Z such that:
(ii) when n is sufficiently large, the condition j ≡ k mod 2
By a stable 2-adic Adams module A, we mean the topological inverse limit of an inverse system of finite stable 2-adic Adams modules. Such an A has an underlying 2-profinite abelian structure with continuous automorphisms ψ k : A ∼ = A for the odd k ∈ Z (and in fact for k ∈Ẑ × 2 ). We note that the operations ψ −1 and ψ 3 on A determine all of the other stable Adams operations ψ k as in [5, 6.4] . Our main examples of stable 2-adic Adams modules are the cohomologies K n (X;Ẑ 2 ) and KO n (X;Ẑ 2 ) for a spectrum or space X and integer n with the usual stable Adams operations ψ k . We letÂ denote the abelian category of stable 2-adic Adams modules, and for i ∈ Z we letS i :Â →Â be the functor withS i A equal to A as a group but with ψ
We note thatS i A = A inÂ for all i when 2A = 0.
Definition 5.2 (The stable 2-adic Adams CR-modules). By a stable 2-adic Adams
CR-module M , we mean a 2-adic CR-module consisting of stable 2-adic Adams
has a natural stable 2-adic Adams CR-module structure with the usual operations.
Definition 5.3 (The stable 2-adic Adams ∆-modules). By a stable 2-adic Adams
∆-module N , we mean a 2-adic ∆-module consisting of stable 2-adic Adams modules 
as in Definition 4.1. Thus, for a spectrum or space X and integer n, we now obtain a stable 2-adic Adams ∆-module
To give another example, we say that a 2-profinite abelian group G with involution t : G ∼ = G is positively torsion-free when G is torsion-free with ker(1 + t) = im(1 − t). By [5, Proposition 3.8] , this is equivalent to saying that G factors as a (possibly infinite) product ofẐ 2 's with t = 1 andẐ 2 ⊕ tẐ 2 's. For a positively torsion-free stable 2-adic Adams module A, we may use the operation ψ −1 : A ∼ = A to construct a torsion-free exact stable 2-adic Adams ∆-module {A,
We letÂCR (resp.Â∆) denote the abelian category of stable 2-adic Adams CRmodules (resp. ∆-modules), and we note that the functor ∆ n :ÂCR →Â∆ for n ∈ Z has a left adjoint CR n :Â∆ →ÂCR with CR n (N )
and with
as in [10, 4.10] . We easily see that CR n (N ) is Bott exact whenever N is torsion-free and exact. Our next lemma will often allow us to work in the simpler categoryÂ∆ instead ofÂCR. 
Proof. For M ∈ÂCR as above, we see that ∆
n M is a torsion-free exact ∆-module by [10, 4.4 and 4.7] with an adjunction isomorphism CR n ∆ n M → M by Lemma 2.3. The corresponding result for N ∈Â∆ is obvious.
When E is a spectrum with K n (E;Ẑ 2 ) positively torsion-free and K n−1 (E;Ẑ 2 ) = 0 for some n, we now have K * CR (E;Ẑ 2 ) ∼ = CR n (N ) inÂCR for the torsion-free exact module N = ∆ n K * CR (E;Ẑ 2 ) inÂ∆, and we have the following existence theorem for such spectra in the stable homotopy category. The spectrum E n N in the theorem will be endowed with an isomorphism
Theorem 5.5. For each torsion-free exact N ∈Â∆ and n
Thus, for an arbitrary spectrum E, a map
Each algebraic map of this sort must come from a topological map by: Theorem 5.6. For a torsion-free exact N ∈Â∆, n ∈ Z, and an arbitrary spectrum
Proof. Let τ 2 E denote the 2-torsion part of E given by the homotopy fiber of its localization away from 2. By Pontrjagin duality [10, Theorem 3.1], the map γ corresponds to an ACR-module map K
n N ) by [5, Theorem 7.14] , and the results of [5, 9.8 and 7 .11] now show that this prolonged algebraic map must come from a topological map τ 2 E → τ 2 E n N , which gives the desired g : E → E n N .
The map g in this theorem is generally not unique (see [10, 5.4] ).
On the united 2-adic K-cohomologies of infinite loop spaces
In preparation for our work on K/2 * -localizations of spaces, we functorially determine the united 2-adic K-cohomologies of the needed infinite loop spaces (see Theorem 6.7). We must first introduce: Definition 6.1 (The 2-adic Adams ∆-modules). By a 2-adic Adams ∆-module M , we mean a 2-adic θ∆-module (see Definition 4.3) consisting of stable 2-adic Adams
We letM∆ denote the abelian category of 2-adic Adams ∆-modules. We say that M is θ-nilpotent when it has θ i = 0 for sufficiently large i, and we say that M is θ-pro-nilpotent when it is the inverse limit of an inverse system of θ-nilpotent
2-adic Adams ∆-modules. Thus, M is θ-pro-nilpotent if and only if
It is not hard to show that whenever M is θ-pro-nilpotent, M must be profinite (i.e. M must be the inverse limit of an inverse system of finite 2-adic Adams ∆-modules). For a space X, the cohomology
has a natural 2-adic Adams ∆-module structure by [11, Section 3] , and we find: . We then obtain a stable 2-adic Adams ∆-moduleF
We finally define operations θ : Proof.F N is θ-pro-nilpotent since it is the inverse limit of its quotient modules
We then definef :F N → M as the inverse limit of the maps Proof. We check thatφ :
Hence,F N/φ is torsion-free and exact by Definition 6.5 as required.
Our main result in this section is:
Theorem 6.7. If E is a 0-connected spectrum with H 1 (E;Ẑ 2 ) = 0 = H 2 (E;Ẑ 2 ), with K 0 (E;Ẑ 2 ) = 0, and with
∆ (E;Ẑ 2 ) is robust by Lemmas 5.4 and 6.6. Thus σ induces an isomorphismLF K −1
by Theorem 4.9, since it induces an isomorphism of the complex components by [6, Theorem 8.3 ].
Strong 2-adic Adams ∆-modules
Our main results on K/2 * -localizations in Section 8 will involve a space X with K * CR (X;Ẑ 2 ) ∼ =LM for a 2-adic Adams ∆-module M that is strong in the sense that it is robust, ψ 3 -splittable, and regular. In this section, we provide the required algebraic definitions and explanations of these notions. We first recall: Definition 7.1 (The robust modules). We say that a 2-adic Adams ∆-module M is robust when it is robust in the sense of Definition 4.7, ignoring stable Adams operations. When M is robust, the underlying 2-adic ∆-module M/φ satisfies the conditions of Lemma 4.2 and may be factored as a (possibly infinite) product of monogenic free 2-adic ∆-modules
by an argument using the factorization of positively torsion-free groups in Definition 5.3. We let gen C M , gen R M , and gen H M respectively denote the number of complex, real, and quaternionic monogenic free factors of M/φ. These numbers do not depend on the factorization since they equal the dimensions of the respec-
# is the Pontrjagin duality functor from 2-profinite abelian groups to discrete 2-torsion abelian groups. Using the factorization of M/φ, we find that
where gen M C denotes the number ofẐ 2 factors in the 2-profinite abelian group M C .
Definition 7.2 (The ψ
3 -splittable modules). For a 2-adic Adams ∆-module M ∈ M∆, we consider the stable 2-adic Adams ∆-moduleM = M/φ ∈Â∆, and we say that M is ψ 3 -splittable when the quotient map M M has a right inverse s :M → M inÂ∆. We call such a map s a ψ 3 -splitting of M , and we note that it corresponds to a left inverse s : M R /rM C →φM C of the canonical mapφM C → M R /rM C in the categoryÂ of stable 2-adic Adams modules, or equivalently in the category of profinite Z/2-modules with automorphisms ψ 3 . We deduce that M is automatically ψ 3 -splittable in some important cases:
Proof. Since M C is positively torsion-free, the map cr = 1 + t : M C+ → M C is monic, and hence c : rM C → M C is also monic. Thus,φM C ∩ rM C = 0 and there is a short exact sequence
, and hence the mapφM C → M R /rM C has an obvious left inverse inÂ.
We shall use the ψ 3 -splittability condition to give:
Definition 7.4 (The θ-resolutions of modules). Let M ∈M∆ be a 2-adic Adams ∆-module that is θ-pro-nilpotent, robust, and ψ 3 -splittable. These conditions will hold when M is strong (see Definition 7.11). To formulate our regularity condition for M , we use: Definition 7.6 (The 2-adic Adams modules). These are the unstable versions of the stable 2-adic Adams modules and were previously discussed in [8, 2.8] . By a finite 2-adic Adams module A, we mean a finite abelian 2-group with endomorphisms ψ k : A → A for k ∈ Z such that:
(ii) when n is sufficiently large, the condition j ≡ k mod 2 n implies ψ j = ψ k .
By a 2-adic Adams module A, we mean the topological inverse limit of an inverse system of finite 2-adic Adams modules. Such an A has an underlying 2-profinite abelian group with continuous endomorphisms ψ k : A → A for k ∈ Z (and in fact for k ∈Ẑ 2 ). For a space X, the cohomology K 1 (X;Ẑ 2 ) is a 2-adic Adams module with the usual Adams operations ψ k for k ∈ Z as in [ i A = 0, and A will be regular whenever it is an extension of a strictly nonlinear submodule by a linear quotient module. We also say that a 2-adic Adams ∆-module M is regular when it is θ-pro-nilpotent with M C regular as a 2-adic Adams module. For a connected space X with H 1 (X;Ẑ 2 ) = 0, the 2-adic Adams ∆-module K −1 ∆ (X;Ẑ 2 ) is always θ-pro-nilpotent by Lemma 6.2, and hence
is regular if and only if K 1 (X;Ẑ 2 ) is regular as a 2-adic Adams module. The following two lemmas will often guarantee regularity for our modules.
Lemma 7.9. Let X be a connected space with H 1 (X;Ẑ 2 ) = 0, with H m (X;Ẑ 2 ) = 0 for sufficiently large m, and with
Lemma 7.10. For a regular 2-adic Adams module A, each submodule is regular, and each torsion-free quotient module is regular when A is finitely generated over
The proofs are in Section 13. Combining the preceding definitions, we finally introduce: Definition 7.11 (The strong modules). We say that a 2-adic Adams ∆-module M ∈M∆ is strong when:
Such an M is automatically θ-pro-nilpotent (and hence profinite) since it is regular.
On the K/2 * -localizations of our spaces
We recall that the K/2 * -localizations of spaces or spectra are the same as the K * (−;Ẑ 2 )-localizations since the K/2 * -equivalences are the same as the K * (−;Ẑ 2 )-equivalences. In this section, we give our main result (Theorem 8.6) on the K/2 * -localization of a connected space X with K * CR (X;Ẑ 2 ) ∼ =LM for a strong 2-adic Adams ∆-module M . We first consider: 
Proof. The last statement follows by [6, 5.4] . For the first, we take a θ-resolution 
On the v 1 -periodic homotopy groups of our spaces
The p-primary v 1 -periodic homotopy groups v −1 1 π * X of a space X at a prime p were defined by Davis and Mahowald [15] and have been studied extensively (see [13] ). In this section, we apply the preceding result (Theorem 8.6) on the K/2 * -localizations of our spaces to approach v 1 -periodic homotopy groups at p = 2 using: Definition 9.1 (The functor Φ 1 ). As in [4] , [9] , [16] , and [18] , there is a v 1 -stabilization functor Φ 1 from the homotopy category of spaces to that of spectra such that:
(i) for a space X, there is a natural isomorphism v −1 1 π * X ∼ = π * τ 2 Φ 1 X where τ 2 Φ 1 X is the 2-torsion part of Φ 1 X (given by the fiber of its localization away from 2);
(ii) Φ 1 X is K/2 * -local for each space X; (iii) for a spectrum E, there is a natural equivalence 
the Pontrjagin duality functor from discrete 2-torsion abelian groups to 2-profinite abelian groups.
This may be used to calculate v
, we require:
, and we recall that each connected H-space is K/2 * -durable. For such X, we may apply our key result on K/2 * -localizations (Theorem 8.6) to deduce:
Here, the map θ :ρM →M is given by
inÂ∆. This theorem will be proved below and may be used to calculate K * (Φ 1 X; Z 2 ) and KO * (Φ 1 X;Ẑ 2 ) since it immediately implies: Theorem 9.5. For X as in Theorem 9.4 , there is a K * (−;Ẑ 2 ) cohomology exact sequence
and there is a KO * (−;Ẑ 2 ) cohomology exact sequence
In these sequences, θ may be replaced by
Thus, for X as in Theorem 9.4, we may essentially calculate v −1 1 π * X fromM (up to extension problems) using Theorems 9.2 and 9.5. By [10, 7.6] , this approach to v −1 1 π * X may be extended to various other important spaces X using: Definition 9.6 (The KΦ 1 -goodness condition). For a space X, we let 
is an isomorphism for n = −1, 0. Our next theorem will provide initial examples of KΦ 1 -good spaces from which other examples may be built.
To prove Theorems 9.4 and 9.7, we first consider the spectrumẼN for a torsionfree exact module N ∈Â∆ and note that
Lemma 9.8. The space Ω ∞Ẽ N is KΦ 1 -good, and the v 1 -stabilization gives a natural isomorphism
Proof. By [10, 7.1], the homomorphism
is left inverse to the infinite suspension homomorphism, and the lemma now follows by Theorem 6.7 together with Lemma 4.11, and Definition 6.3.
Proof of Theorem 9.4. Applying the functor Φ 1 to the fiber sequence of Theorem 8.6, we obtain a (co)fiber sequence of spectra
for some companion map f of M . We then deduce that Φ 1 f corresponds to a map EM → EρM having the desired properties by Lemmas 9.8 and 5.4.
Proof of Theorem 9.7. The results on K * (Φ 1 X;Ẑ 2 ) and K
−1
∆ (Φ 1 X;Ẑ 2 ) follow from Theorem 9.5. Since K * (X;Ẑ 2 ) ∼ =ΛM C by Lemma 4.6, we obtain isomorphismŝ QK 0 (X;Ẑ 2 )/θ = 0 andQK −1 (X;Ẑ 2 )/θ ∼ = M C /θ, and we deduce that Φ 1 :QK n (X; Z 2 )/θ ∼ = K n (Φ 1 X;Ẑ 2 ) for n = −1, 0 by Lemma 9.8 and naturality.
Applications to simply-connected compact Lie groups
We now apply the preceding results to a simply-connected compact Lie group G. We first use the representation theory of G to functorially determine the united 2-adic K-cohomology ring K * CR (G;Ẑ 2 ) = {K * (G;Ẑ 2 ), KO * (G;Ẑ 2 )} in Theorem 10.3. Then, with slight restrictions on the group, we use the representation theory of G to give expressions for the K/2 * -localization G K/2 , for the v 1 -stabilization Φ 1 G, and for the cohomology KO * (Φ 1 G;Ẑ 2 ), and we also show that G is KΦ 1 -good. Our results are summarized in Theorem 10.6 and permit calculations of the 2-primary v 1 -periodic homotopy groups v −1 1 π * G using Theorem 9.2, as accomplished very successfully by Davis [14] . In this section, we assume some general familiarity with the representation rings of our Lie groups as described in [12 Definition 10.1 (The representation ring R ∆ G). For a simply-connected compact Lie group G, we let RG be the complex representation ring and let R R G, R H G ⊂ RG be the real and quaternionic parts of RG with the usual λ-ring structures on RG and
and q : RG → R H G be the usual operations satisfying the ∆-module relations of Definition 4.1. These structures are compatible in the expected ways and combine to give a ∆λ-ring R ∆ G = {RG, R R G, R H G} in the sense of [10, 6.2] . We letR ∆ G = {RG,R R G,R H G} be the augmentation ideal of R ∆ G given by the kernelRG of the complex augmentation dim :
It is straightforward to show thatR ∆ G and QR ∆ G inherit ∆λ-ring structures (without identities) from R ∆ G. Since QR ∆ G is a ∆λ-ring with trivial multiplication, it is equipped with additive operations t :
We now letQR ∆ G = {QRG,QR R G,QR H G} be the 2-adic completion of QR ∆ G with the induced additive operations on the componentsQRG =Ẑ 2 ⊗ QRG, This will be proved below using work of Davis [14] . For a simply-connected compact Lie group G, we now letQ ∆ = {Q,Q R ,Q H } briefly denote the associated stable 2-adic Adams ∆-moduleQ ∆ RG = (Q ∆ RG)/φ. This agrees with the notation of [10, 9.2] and [14] , since ourQ ∆ = {Q,Q R ,Q H } is the 2-adic completion of their Q ∆ = {Q, Q R , Q H }. Our main results now give the following omnibus theorem, whose four parts may be expanded in the obvious ways to match the cited theorems. Theorem 10.6. Let G be a simply-connected compact Lie group such that the 2-adic Adams ∆-moduleQ ∆ RG is ψ 3 -splittable (see Lemma 10.5) , and letQ ∆ = {Q,Q R ,Q H } be the associated stable 2-adic Adams ∆-module. Then: 
continuing as in Theorem 9.5;  (iv) G is KΦ 1 -good at the prime 2 as in Theorem 9.7.
The exact sequence in (iii) permits calculations of the 2-primary v 1 -periodic homotopy groups v −1 1 π * G using Theorem 9.2 as accomplished by Davis [14] . This exact sequence was previously obtained in [10, Theorem 9 .3] using indirect algebraic methods under the hard-to-verify condition that G was KΦ 1 -good. It is now obtained using the KO * (−;Ẑ 2 ) cohomology exact sequence of the (co)fiber sequence in (ii) under an accessible algebraic condition that implies the KΦ 1 -goodness of G by (iv).
We devote the rest of the section to proving Lemmas 10.2 and 10.5 using:
Remark 10. 
Proofs of basic lemmas forL
We shall prove Lemmas 4.5, 4.6, and 4.11 showing the basic properties of the functorL : θ∆Mod → φCRÂlg, where θ∆Mod is the category of 2-adic θ∆-modules and φCRÂlg is that of special 2-adic φCR-algebras (see Definitions 4.3 and 3.2). We first introduce an intermediate category of modules. [2] : N R → N S , and () [2] : N H → N S satisfying the following relations for elements z ∈ N C , x ∈ N R , and y ∈ N H :
We let η∆Mod denote the category of 2-adic η∆-modules. [2] : M R → M R /rM C , and () [2] :
, and y [2] = [θy] for x ∈ M R and y ∈ M H . Let I : φCRÂlg → η∆Mod be the functor carrying a special 2-adic φCR-algebra A to the 2-adic η∆-module IA = {Ã Proof. This follows by the Special Adjoint Functor Theorem (see [19] ) since I preserves small limits and since φCRÂlg has a small cogenerating set by Lemma 11.5 below.
A special 2-adic φCR-algebra A will be called finite when the groupsÃ 
. Each special 2-adic φCR-algebra A is the inverse limit of its finite quotients in φCRÂlg.
Proof of Lemma 4.6. For a 2-adic θ∆-module M , the canonical mapΛM C → (LM ) C is an isomorphism by Lemma 11.6 and by the above proof of Lemma 4.5.
LetQ : φCRÂlg → φCRMod be the functor carrying each A ∈ φCRÂlg to its indecomposablesQA ∈ φCRMod where φCRMod is the category of special 2-adic φCR-modules, which may be defined as the augmentation ideals of the special 2-adic φCR-algebras having trivial multiplication.
Proof. The functorQ has a right adjoint E : φCRMod → φCRÂlg where EX = e ⊕ X. SinceQV : η∆Mod → φCRMod is left adjoint to IE, a detailed analysis shows thatQV N is a special 2-adic φCR-module with (QV N ) 
Proof of the Bott exactness lemma forL
We must now prove Lemma 4.8 showing the Bott exactness ofLM for a robust 2-adic θ∆-module M . This lemma will follow easily from the corresponding result for η∆-modules (Lemma 12.1), whose proof will extend through most of this section. We say that a 2-adic η∆-module N is profinitely sharp when it is the inverse limit of an inverse system of finite sharp 2-adic η∆-modules. This obviously implies that N is sharp. We call N robust when: [2] for G ∈Âb. A 2-adic η∆-module will be called complex when it is isomorphic to C(G) for some G. If G is torsionfree, then C(G) is obviously robust. For an arbitrary N ∈ η∆Mod and G ∈Âb, we may describe the possible maps N → C(G) as follows. Let f : N C → G and g : N S → G/2 be maps such that the diagram
is of the above form for some f and g. When N is robust, the compatibility condition on f : N C → G and g : N S → G/2 may be expressed by the commutativity of the diagram
where N + C = {z ∈ N C |tz = z} and π is the composition of (c, c ) : [2] : . Hence, the operations () [2] : N R → N S and () [2] : N H → N S induce operationsθ : N R /rN C → N R /rN C andθ : N H /qN C → N R /rN C , where theθ-module N R /rN C is profinite since N is profinitely sharp. In this way, a t-trivial robust 2-adic η∆-module N corresponds to a torsion-free group G ∈Âb together with a decomposition (G/2) R ⊕ (G/2) H = G/2 equipped with operationsθ : (G/2) R → (G/2) R andθ : (G/2) H → (G/2) R such that theθ-module (G/2) R is profinite. We say that a 2-adic η∆-module N is of finite type when N C , N R , N H , and N S are finitely generated overẐ 2 , and we now easily deduce:
Lemma 12.6. A t-trivial robust 2-adic η∆-module may be expressed as the inverse limit of an inverse system of t-trivial robust quotient modules of finite type.
A similar result obviously holds for the robust 2-adic η∆-modules C(G) with G torsion-free, and the following lemma will now let us restrict our study ofV to the robust modules of finite type. Proof of Lemma 12.1. It now suffices to show thatV N is a free 2-adic CRmodule when N = C(G) ⊕ P for a finitely generated freeẐ 2 -module G and a ttrivial robust 2-adic η∆-module P of finite type. By Definition 7.1, we may choose finite ordered sets of elements {z k } k in G, {x i } i in P R , and {y j } j in P H such that G is a freeẐ 2 -module on {z k } k and {P C , P R , P H } is a free 2-adic ∆-module on {x i } i and {y j } j . Since P S is a free Z/2-module on the generators {ηx i } i , there are expressions x [2] i = r i and y 
Proofs for regular modules
We first show that our strict nonlinearity condition (see Definition 7.7) for 2-adic Adams modules agrees with that of [7, 2.4 ], and we then prove Lemmas 7.9 and 7.10 for regular modules. Proof. The first statement is clear, and we shall prove the second by working in the earlier categoryN of 2-adic ψ 2 -modules that are ψ 2 -pro-nilpotent. Let 0 →Ã → A →Ā → 0 be a short exact sequence inN with A strictly nonlinear and finitely generated overẐ 2 and withĀ torsion-free. To show thatĀ is strictly nonlinear, it suffices to show that HomN (H,Ā) = 0 for each torsion-free quasilinear H ∈N that is finitely generated overẐ 2 . SinceĀ is torsion-free, it now suffices to show that HomN (H,Ā) is finite for such H. Hence, since HomN (H, A) = 0 by strict nonlinearity, it suffices to show that Ext 1N (H,Ã) is finite for such H. This finiteness follows using the exact sequence Proof of Lemma 7.10 . This result follows easily from Definition 7.8 and Lemma 13.3.
